
O
ver the past two decades, mathematical pat-
terns have been acknowledged as important 
early components of children’s development 
of algebraic reasoning (NCTM  2000). In 

particular, growing patterns have attracted significant 
attention as a context that helps students develop an 
understanding of functional relationships (Lee and 
Freiman 2006; Moss et al. 2006; Rivera and Becker 2009). 
Although traditional algebra curricula have been domi-
nated by an approach that focuses on symbolic manip-
ulation, solving equations, and simplifying expressions, 

many programs now use a functional approach in 
which the symbolic manipulations are couched 

in the context of functions and modeling of 
real-world situations (Kieran 2007). 

The use of growing patterns in elemen-
tary schools provides experiences with 
algebra in a way that supports this shift in 
approach. Geometric growing patterns help 

students develop functional thinking; that 
is, “representational thinking that focuses on 

the relationship between two (or more) varying 
quantities” (Smith 2008, p. 143). Geometric growing 

patterns can represent both linear functions and non-
linear functions. However, geometric growing patterns 
that grow by a fixed number of parts in each stage—a 
linear relationship—provide a foundation for the study 
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Seeing 
beyond

These three suggestions help sixth-grade students 
develop functional thinking in geometry.

Growing Patterns: 

 Counting
W

a
te

ri
n

g
 C

a
n

: B
ro

o
ke

 P
h

o
to

 S
tu

d
io

/V
ee

r

Copyright © 2012 The National Council of Teachers of Mathematics, Inc.  www.nctm.org. All rights reserved.
This material may not be copied or distributed electronically or in any other format without written permission from NCTM.



of linear relationships that will become 
important in middle school mathematics 

(NCTM 2000). 
Although geometric growing patterns are often 

used in elementary schools, instruction is not always 
structured in a way that will best support students’ 

development of functional thinking. I recently 
worked with four classes of sixth graders 

in the implementation of six lessons 
with geometric growing patterns. I 

investigated how growing-pattern 
tasks might be structured and 
sequenced to best promote stu-
dents’ functional thinking. In 
this article, I share three teaching 
suggestions for using growing 

patterns with students. 

a common approach
First, consider the geometric growing 

pattern in fi gure 1: How could this pattern be 
used in the classroom to support students’ 

functional thinking? To begin, you might 
ask students, “What do you notice?” 
They might observe that by adding a 
square to each arm of the hexagon, 
or by adding six total squares to the 
previous stage, the pattern grows from 
stage to stage. They might also observe 

that each stage consists of one hexagon 
in addition to six arms of squares.
When the objective is for students to 

identify a functional relationship—or rule—it is 
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Stage 1      Stage 2            Stage 3 

not uncommon for teachers to extract numeri-
cal data from the pattern and use it to build a 
two-column table. Table 1 identifi es the inde-
pendent variable (sometimes called input) as 
“stage number” and the dependent variable 
(sometimes called output) as “total number 
of pattern blocks.” The functional relation-
ship that we hope students will identify is the 
mathematical expression that represents the 
relationship between the stage number and the 

total number of pattern blocks.
Unfortunately, once this table is produced, 

the geometric pattern is frequently ignored. 
Instead of using what they have noticed about 
the growing pattern for clues to the functional 
relationship, students attend to numerical 
patterns in the two-column table. The most 
commonly identifi ed numerical pattern is the 
constant difference—the increase of six pattern 
blocks as one looks down the right-hand col-
umn. Using this constant difference, students 
add to the previous total to get the number of 

two-column data for the expand-
ing hexagon pattern show the 
independent variable (input) as the 
stage number and the dependent 
variable (output) as the total 
number of pattern blocks.
 

Stage 
number 

Total no. of 
pattern blocks

1  7

2  13

3 19

4
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a series of questions can help students focus on the fi gures 
in a pattern sequence (Lee and Freiman 2006). Friel and 
Markworth (2009, p. 28) modifi ed the questions for this 
problem-solving process for geometric growing pattern tasks.

Process for geometric growing patterns

Phase 1: 
Reasoning 
fi gurally using 
the visual 
characteristics 
of the geometric 
pattern task

1. how many different patterns can you see in 
this drawing?

 a. how would you draw the next stage?
 b. how would you draw the 10th stage?
 c. how would you draw the 58th stage?
 d.  how would you tell someone how to 

draw any stage at all?

Phase 2: 
Developing 
numerical 
relationships to 
generalize
a function

1. how many pattern blocks does it take to 
make the 10th stage, the 58th stage, or the 
100th stage?

2. how many pattern blocks does it take to 
make the nth stage?

Phase 3: 
Extending 
pattern analysis

1. Which stage has exactly 100 pattern blocks 
in it? What about 50 square tiles?

2. Can you create a pattern problem for the 
class?
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Building an input/output table can limit students’ thinking 
about growing patterns, such as the expanding hexagon 
pattern below.
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in this diagram of the recursive 
growth in the expanding hexagon 
pattern, stage 2 is circled within 
stage 3, and six squares have been 
identifi ed as the change from 
stage 2.

F
ig

u
r

e
 2

Stage 2 

+1 

 

+1 

+1 +1 

+1 +1 



pattern blocks needed for future stages. 
This approach can limit students’ thinking. 

The constant difference represents how the 
total number of pattern blocks in the pattern 
changes from one stage to the next, which 
focuses students’ attention on a recursive rela-
tionship. This is useful for tasks that require 
near generalization; in this case, students 
would be asked for near stage numbers, such 
as the number of blocks needed for stage  4, 
stage  5, or stage  10. For tasks that require far 
generalization (e.g., stage  45 or stage  100), a 
recursive relationship is inefficient. Although 
some students are willing to persist in this 
way (I have had students who have extended 
a two-column table through stage 100), help-
ing them refocus on a more efficient strategy is 
important.

The identification of an explicit relation-
ship—a rule linking the independent variable 
to the dependent variable—is more powerful 
for the purposes of generalization and pro-
motes students’ functional thinking. In this 
case, the objective is to have students gener-
ate a relationship between the stage number 
and the total number of pattern blocks in each 
stage. If students are directed to the data in a 
two-column table, they are left to guess the 
explicit rule or use algorithmic approaches 
to derive it, neither of which capitalize on the 
potential of using geometric growing patterns 
to explore functional relationships. 

Promoting functional thinking
Three ways to help students develop functional 
thinking with geometric growing patterns 
include (1) promoting various ways of seeing, 
(2) identifying corresponding ways of counting, 
and (3) using a three-column table. 

1. Ways of seeing 
Figural reasoning, or a focus on the visual 
nature of the pattern itself, leads to generaliza-
tions that are more accurate, increased sense 
making, and better justifications (Lannin, 
Barker, and Townsend 2006; Rivera and Becker 
2005). Lee and Freiman (2006) have identified 
a series of recommended questions that per-
suade students to focus on the figures in the 
pattern sequence. Friel and Markworth (2009) 
used these questions to elaborate on a three-
phase problem-solving process (see table 2). 

The first phase involves questions that promote 
figural reasoning and typically begin with “How 
would you draw…?” to focus student thinking 
on the visual nature of the pattern. The sec-
ond phase transitions to questions beginning 
with “How many…?” Students use the figural 
reasoning developed in the first phase of the 
process to answer these questions. 

In my work with sixth graders, students were 
to first articulate a way of seeing each growing 
pattern. When questions progressed to phase 2, 
students were consistently prompted to justify 
their numerical calculations with their way of 
seeing the pattern. Surprisingly, three different 
ways of seeing the Expanding Hexagon pattern 
emerged during class discussion.

First, students were generally quick to note 
the recursive relationship in the Expanding 
Hexagon pattern—that six squares are added 
to the figure as it increases from stage to stage 
(see fig. 2). Using this way of seeing to identify 
stage 10 would be difficult; to visualize or cal-
culate stage 10, students would need to know 
stage 9 first. 

I anticipated the second way of seeing, in 
which the number of squares in each arm of 
the figures corresponds to the stage number 
(see fig.  3a). Students who identified this way 
of seeing recognized six groups of square tiles 
extending from the sides of the central hexa-
gon, rather than a recursive increase in the 

A SMART Board™ screen captures 
various representations of the 
Expanding Hexagon patterns.

(a) Markworth anticipated students’ 
second way of seeing.

(b) But she did not anticipate a  
third way:
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number of tiles from stage to stage. The central 
hexagon does not change as the pattern grows. 
(Note: Although it should not be required or 
suggested at this point in working with a pat-
tern, this way of seeing results in a functional 
relationship of T = 6 × n + 1, in which T equals 
the total number of pattern blocks and n equals 
the stage number.)

I did not anticipate the third way of seeing 
this geometric pattern (see fi g. 3b) in which 
students recognized the single hexagon in the 
center of each fi gure. The squares, in contrast, 
were grouped into concentric circles of six, 
with the number of circles corresponding to 
the stage number. Therefore, the stage number 
indicated how many circles of six squares were 
arranged around the central hexagon. (Note: 
This way of seeing results in an equivalent 
functional relationship of T = n × 6 + 1.) 

It is possible that students will identify 
with the ways of seeing shown in fi gure 3 in 
a more recursive way. In fi gure 3a, a student 
may describe the pattern as having six arms in 
which the number of squares increases by one 
each time. In fi gure 3b, a student may describe 
the pattern as having concentric circles of six 
squares in each, such that a circle of squares 
is added from stage to stage. Representation 
and discourse can be quite powerful when this 
occurs. Students’ ability to see the correspon-
dence of the stage number to each fi gure can 
be infl uenced by how the teacher records the 
way of seeing for the class. The representations 
in fi gure 3 enable a more explicit connection 
between the stage number and the way of see-
ing. Additionally, emphasis on the groups and 
the number of groups can support a transition 
to an explicit relationship: What do you see 
in the six groups? or How many circles of six 
squares do you see in each stage?

As students work with various patterns, they 
should be encouraged to attend carefully and 
closely to various ways of seeing. Some of their 
responses will be surprising and unanticipated. 
Valuing multiple ways of seeing is important 
because students need to evaluate them as 
they work toward numerical and functional 
relationships. 

2. Ways of counting
Despite support and encouragement for mul-
tiple ways of seeing, students may still wonder, 

in response to being asked to identify the way of seeing 
that corresponded to the calculations—without counting 
one by one—students generated multiple ways of counting 
the stickers on the cubes. this shows eight groups of four 
stickers with an additional two stickers exposed at the ends: 
8 × 4 + 2.

F
ig

u
r

e
 5

258	 November	2012	•	teaching children mathematics | Vol. 19, No. 4 www.nctm.org

here is a way of seeing four groups of eight stickers with an 
additional two stickers exposed at the ends: 4 × 8 + 2.
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Looking at a single stage of a growing pattern is useful for 
helping students understand that a way of seeing is a way of 
counting. See Moss and Beatty (2006) for another version of 
this task.
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“What’s the point?” They may not realize that 
a way of seeing how a growing pattern is struc-
tured provides an effi cient way of counting for 
fi nding the dependent variable in a functional 
relationship. In the Expanding Hexagon pattern, 
one could simply count the number of pattern 
blocks that are found in stages 1, 2, and 3. How-
ever, a way of seeing provides a meaningful way 
of counting that helps in making near and far 
generalizations (Mason 1996).

For this reason, looking at a single stage of a 
growing pattern is useful for helping students 
see that a way of seeing is a way of counting. One 
lesson supplied an aha moment for several of the 
students I worked with. In this lesson, I showed a 
picture (see fi g. 4), gave students manipulatives, 
and asked how many stickers would be exposed 
if eight cubes, with a sticker on each face, were 
connected end to end. Further, I asked if they 
could determine the answer without counting 
the stickers one by one. 

The youngsters generated multiple ways 
of counting the stickers. For each approach, I 
asked the student to identify the way of seeing 
that corresponded to the calculations. Figure 5
shows eight groups of four stickers with an addi-
tional two stickers exposed at the ends. (This 
representation shows only two stickers on each 
cube. In accounting for the unseen stickers, stu-
dents seemed comfortable with labeling these 
as groups of four.) The numerical calculation 
for this way of seeing is 8 × 4 + 2. Alternatively, 
fi gure 6 shows four groups of eight stickers with 
an additional two stickers exposed at the ends. 
(Again, students seemed to recognize that the 
groups shown on the screen were duplicated on 

Students may have diffi culty identifying a way of seeing and counting the growing 
pattern within the fi rst two stages, but considering stage 3 may give them at least 
one way of seeing (V pattern, NCrMSe and Freudenthal institute 1998). 
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Stage 1 

 

Stage 2 Stage 3 

2 groups of  
3 circles 

+ 1 base circle 

the actual fi gure.) The numerical calculation for 
this way of seeing is 4 × 8 + 2.

After ways of seeing and counting have 
been shared, fi gures 5 and 6 can be identifi ed 
as stage 8 of a growing pattern, because eight 
cubes are connected. Students can be asked to 
use one of the ways of counting to calculate the 
number of exposed stickers if seven cubes (or 
any other stage number) were connected end 
to end. These questions help students consider 
which aspects of the calculation stay the same 
(the multiplier of 4; the constant of + 2) and 
what changes (the number of cubes, or the stage 
number). Connecting this to the way of seeing 
provides support for students’ functional think-
ing as they make an explicit connection between 
the stage number, the way of seeing, and the way 
of counting. In later work with algebra, these 
connections will be generalized to T = n × 4 + 2 or 
T = 4 × n + 2 in which T equals the total number 
of stickers and n equals the stage number.

Because students may have diffi culty identi-
fying a way of seeing and counting the growing 
pattern within the fi rst two stages, analysis of a 
more advanced stage can be useful in any geo-
metric pattern. For example, a structure is not 
clear in the fi rst stage of the growing pattern in 
fi gure 7. When considering stage 3, at least one 
way of seeing becomes evident: identifying two 
groups of three circles extending from a base cir-
cle, or 2 × 3 + 1. The stage number corresponds 
to the number of circles in each group; the func-
tional relationship would be 2 × n + 1. Looking 
back at the previous two stages confi rms that 
this way of seeing works for all three stages of 
the pattern.
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If students struggle to identify a way of seeing 
that connects to an efficient way of counting, 
encourage them to look at the third stage of the 
pattern: What do you notice about stage 3? Can 
you find a way of counting the number of circles 
in stage  3 that is related to the stage number? 
Such questions encourage students to examine 
the structure of the geometric growing pattern 
to identify a way of seeing that is related to the 
stage number. 

3. A three-column table
As previously noted, when students use a 
two-column table to identify patterns, they 
are drawn to the vertical relationship in the 
right-hand column. This promotes recursive 
thinking, because it highlights the progression 
of the dependent variable from one stage to the 
next. Advancing functional thinking requires 
attention to the horizontal relationship between 
the independent and dependent variables. 
Using a three-column table, with the calcula-
tion of the dependent variable in the middle 
column, better supports functional thinking 
(Friel and Markworth 2009). The three-column 
table is used frequently in algebra instructional 
materials by Math Solutions for grades 3–5 and 
6–8 (Lawrence and Hennessy 2002; Wickett,  
Kharas, and Burns 2002) and appears in vari-
ous forms in other research (Driscoll 1999;  
Carraher, Martinez, and Schliemann 2008). 

The three-column table offers students a 
method of translating a geometric way of seeing 
into a numerical way of counting, which can be 
generalized into a functional relationship using 
words, symbols, and eventually variables. Let’s 
return to the Expanding Hexagon pattern as an 
introduction to the three-column table. Recall 
that one way of seeing this pattern is as six legs 
of squares, each comprising the stage number of 
squares, around an interior hexagon (see fig. 3). 
This way of counting the total number of pattern 
blocks is shown in the center column of table 3. 
At each stage, six is multiplied by the stage num-
ber to represent six legs of squares. One is added 
to this product to represent the center hexagon 
at each stage. 

Connecting the numerical calculations in the 
center column to the way of seeing that has been 
identified is crucial. For example, in this case, 
ask students what the 6 represents in the center 
column and why it is multiplied by the 1, 2, and 
3, respectively. Also ask students what the +  1 
represents in the pattern. Table  3 can be used 
for near generalization as students calculate the 
fourth, fifth, and tenth stages. However, these 
calculations should be justified geometrically 
with the way of seeing the pattern. 

The three-column table is an effective tool 
for helping students connect the independent  
variable to the dependent variable in a func-
tional relationship. The center column provides a 
location for them to translate their way of seeing 

When students are ready to proceed 
to variables, have them use a three-
column table to generate a symbolic 
rule.

Generating a Symbolic Rule

Stage  
number

My  
thinking

Total no. 
of pattern 

blocks

1 6 × 1 + 1   7

2 6 × 2 + 1 13

3 6 × 3 + 1 19

4 6 × 4 + 1 25

n 6 × n + 1
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A three-column table represents the 
way of seeing shown in figure 3.
 

Representation of the  
Expanding Hexagon

Stage  
number

My  
thinking

Total no. 
of pattern 

blocks

1 6 × 1 + 1   7

2 6 × 2 + 1 13

3 6 × 3 + 1 19

4 6 × 4 + 1 25

t
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and 3  ×  6  +  1) and the generalized algebraic 
expressions (e.g., 6 × n + 1 and n × 6 + 1). Such 
discussions can make important connections 
to prior knowledge, such as the application of 
the commutative property of multiplication. 
They can also provide a foundation for future 
work in algebra, such as simplifying algebraic 
expressions.

Connecting geometric 
growing patterns to functional 
relationships
Children are introduced to functional relation-
ships in elementary and middle school through 
function machines and games like Guess My 
Rule. Although these are valuable learning 
experiences, used alone, they may encour-
age the notion that functional relationships 
must be guessed or that they have no meaning. 
Working with functional relationships through 
geometric growing patterns has the potential to 
reveal meaning for the numerical calculations.  

to a way of counting. Both the recording of this 
and the observation of patterns within the table 
furnish meaningful access for the identification 
of an explicit functional relationship.

These observations can be effectively trans-
formed into generalized words: six times the 
stage number plus one. Students will likely 
be comfortable and relieved to write this in a 
semisymbolic form: 6 × stage number + 1. When  
they seem ready to proceed to variables, the 
three-column table is an effective way to 
introduce them, as well. Instead of placing a 
numerical value in the stage number column, 
ask what might be done if we do not know the 
stage number but call it n for any stage number. 
Students will be able to substitute stage number 
with a variable and keep other aspects of the cal-
culation the same (see table 4). Multiple three-
column tables for a geometric growing pattern, 
each derived from a different way of seeing, can 
elicit valuable discussions regarding the equiva-
lency of the numerical expressions (e.g., 6 × 3 + 1 
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Students can connect geometric growing pat-
terns to functional relationships, thereby making 
sense of the operations that transform the inde-
pendent variable to the dependent variable. 

These three teaching suggestions promote 
meaningful, structured learning experiences for 
students working with geometric growing pat-
terns. Students have opportunities to transition 
from a concrete way of seeing the growing pat-
tern to a numerical representation. Connecting 
these with a three-column table enables stu-
dents to make sense of the explicit functional 
relationship. Exploring geometric growing 
patterns is a powerful approach for supporting 
students’ development of functional thinking. 
If we extend ways of seeing to ways of counting 
and make meaningful connections between the 
two, our students will develop understanding 
that better prepares them for more advanced 
and abstract work with functions.
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